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We model a superconducting p-n junction in which the n- and the p-sides are contacted through
two optical quantum dots (QDs), each embedded into a photonic nanocavity. Whenever a Cooper
pair is transferred from the n-side to the p-side, two photons are emitted. When the two electrons
of a Cooper pair are transported through different QDs, polarization-entangled photons are created,
provided that the Cooper pairs retain their spin singlet character while being spatially separated on
the two QDs. We show that a CHSH Bell-type measurement is able to detect the entanglement of
the photons over a broad range of microscopic parameters, even in the presence of parasitic processes
and imperfections.
PACS numbers: 73.40.Lg, 74.45.+c, 42.50.Pq, 03.65.Ud
Quantum entanglement is a resource for quantum
computers and quantum communication protocols [1].
For massive particles like electrons, spin entanglement
could be created exploiting superconductors (SCs) [2]
and crossed Andreev reflection (CAR) [3, 4]. Split-
ting a Cooper pair (CP) into spatially separated nor-
mal leads has been investigated in detail theoretically
[5–12] and realized experimentally [13–16]. However, de-
tecting the spin entanglement of the separated electrons
remains an open challenge. Different detection schemes
have been proposed which are either based on the vio-
lation of a Bell inequality using current cross-correlation
(noise) measurements [17–23], spin-filtered current mea-
surements [24], or exploiting the statistical [25–33] and
many-body [34] properties of electronic beam splitters.
All of these proposals, however, are much more involved
than the detection of polarization-entangled optical pho-
tons, which has been demonstrated successfully [35–37]
by violating a Bell inequality [38, 39]. Quite naturally,
the question arises if superconductivity and optics can
be combined. It has been discussed that p-n junctions in
contact with superconductors can exhibit enhanced ra-
diation intensity [40, 41] with experimental demonstra-
tion [42], pairwise (entangled) emission of light [43–47],
Josephson radiation at optical frequencies [44], squeezed
light [46] and laser effects [48–50]. Here, we would like to
go a step further and ask the question whether nonlocal
spin entanglement can be mapped to optical photons in a
superconducting p-n junction. Existing theoretical pro-
posals use the optical recombination of electron and hole
singlets in a tunnel-coupled double quantum dot (QD)
[51], transfer of spin-entangled electrons into two empty
optical quantum dots [52], and the simultaneous trans-
port of spin-entangled electrons and holes into two opti-
cal quantum dots embedded in nanocavities [53]. Very
recently, the conversion of CPs into photons by laser ex-
citation [54] has also been studied.
In this Letter, we investigate a superconducting p-n
junction, where n- and p-sides are contacted via a dou-
FIG. 1. Left: two QDs (1,2) are tunnel-coupled to super-
conducting p-type and n-type leads. With a sufficiently large
Coulomb repulsion on the QDs, the electrons or holes of in-
coming CPs are split, such that each QD contains one electron
and one hole. Upon recombination polarization-entangled
photons are emitted into two nanocavities (gray) with res-
onance frequency ω0 and detected by an optical Bell test.
Right: Lowest relevant energy levels of the n and p double QD
systems. The SC leads hybridize the empty state and the sin-
glet state, |〉±|S〉, and the singly occupied states, |1σ〉±|2σ〉,
creating a closed two-photon emission cycle.
ble QD structure offresonantly embedded into two pho-
tonic nanocavities (Fig. 1). Due to the superconducting
pairing, the QDs are populated with spin-entangled hole
pairs and spin-entangled electron pairs, which, upon re-
combination, emit pairs of polarization-entangled optical
photons. Processes which leave behind quasiparticle exci-
tations in the QDs or in the SC leads are suppressed by a
sufficiently narrow spectral width of the cavities and thus
photons are produced only in pairs with a simultaneous
transport of a CP through the device. We show that the
photons emitted from the cavities violate a CHSH Bell in-
equality when CAR is finite, i.e., when the two electrons
or holes of a CP retain their spin entanglement when
split. We take into account parasitic processes in which
two photons are emitted into the same cavity [arising
either from sequential emission after elastic cotunneling
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2(ECT) between the QDs or from imperfect splitting], and
show within a microscopic model that entanglement can
be detected nevertheless over a broad range of realistic
parameters.
Photonic model.—We start with an intuitive effective
model for the photons in the two cavities that will be
derived formally later on,
Hph =
∑
iξ
~ωa†iξaiξ + tpha
†
iξai¯ξ
+
(∆ph
2
aiξai¯ξ¯ +
Λph
2
aiξaiξ¯ + h.c.
)
, (1)
where aiξ annihilates a photon with circular polariza-
tion ξ = R,L in cavity i = 1, 2 with mode energy ~ω
(counted from the source-drain bias eVsd). Because the
cavities are coupled to the superconducting QDs, there
is a finite amplitude ∆ph to inject a nonlocal photon pair
into different cavities i and i¯ and an amplitude Λph to
inject a pair locally into the same cavity. Because the
pairs can be traced back to one electron singlet and one
hole singlet, they always come with opposite polariza-
tions ξ and ξ¯. We can choose ∆ph and Λph real since
they share the same phase factor. There may also be an
intercavity coupling tph mediated by coupling of the QDs
via the SC leads. In the absence of magnetic fields, tph,
too, is real. We note that Eq. (1) is meaningful only if
|ω ± tph| > |∆ph ± Λph|. This is fulfilled in the offres-
onant regime, where |ω| is large compared to the other
parameters in Eq. (1).
A generalized Bogoliubov transformation to the new
bosonic fields piµν = [uν(a
†
1µ + νa
†
2µ) + vν(νa1µ¯ +
a2µ¯)]/(v
2
ν − |uν |2)1/2 with u± = ∆ph ± Λph and v± =
(~ω ± tph) +
√
(~ω ± tph)2 − |∆ph ± Λph|2 diagonalizes
the Hamiltonian (1), such that
Hph =
∑
µν
Eνpi
†
µνpiµν , (2)
where E± =
√
(~ω ± tph)2 − |∆ph ± Λph|2. The ground
state |G〉 is fixed by the condition piµν |G〉 = 0 for all µ, ν.
In terms of the original photons this implies
|G〉 = 1
v+v−
exp
[
−1
2
(u+
v+
− u−
v−
)
(a†1Ra
†
1L + a
†
2Ra
†
2L)
−1
2
(u+
v+
+
u−
v−
)
(a†1Ra
†
2L + a
†
1La
†
2R)
]
|〉 , (3)
where |〉 denotes the photonic vacuum. The ground state
(3) is a squeezed state [55] of local and nonlocal entan-
gled photon pairs. At low temperatures and with a suf-
ficiently high cavity quality factor, |G〉 is the dominant
contribution to the photonic density matrix.
Photon detection and Bell test.—We use a positive op-
erator valued measure to model the photon detection.
The probability to detect at least one photon in cav-
ity i with polarization ξ if niξ photons are present, is
given by P+iξ = 1 − (1 − γ)niξ , where γ ∈ [0, 1] is the
detection efficiency. With probability P−iξ = 1 − P+iξ , no
photon is detected [56]. More generally, a photon with
the arbitrary polarization α is detected with probability
P+iα = 1−(1−γ)a˜
†
iRa˜iR , where a˜1R = a1R cosα−a1L sinα
and a˜1L = a1R sinα+ a1L cosα.
As a measure of entanglement we employ a CHSH-
type Bell inequality. We define four observables A1, B1,
C2 and D2 with measurement outcomes ±1, where the
subscript indicates in which cavity the operator acts.
The quantity B = A1C2 + A1D2 + B1C2 − B1D2 =
A1(C2 +D2) +B1(C2 −D2) can take the values ±2 and
hence the expectation value 〈B〉 lies within [−2, 2], pro-
vided that the observables A1 to D2 have definite val-
ues independent of any measurement [39]. We adopt
the following scheme: A1 ≡ Aα1 is (−)1 if only pho-
tons with polarization α(+pi/2) are detected in cavity
1. B1 is the same measurement rotated by 45
◦, i.e.,
B1 ≡ Bα1 = Aα+pi/41 . Likewise Cβ2 and Dβ2 measure the
photons in cavity 2. Inconclusive events, in which no
photons, or photons of both polarizations are detected on
one side, are discarded. With the nonlocal correlations
C(α, β) = ∑µν µνPµναβ/∑µν Pµναβ the Bell parameter can
be expressed as
Bα = C(0, α) +C(0, α+ pi
4
) +C(pi
4
, α)−C(pi
4
, α+
pi
4
). (4)
In this notation, Pµναβ is the probability to obtain the
measurement result µ at cavity 1 when polarization de-
tector 1 is set to the angle α and to obtain simultane-
ously the measurement result ν at cavity 2 when polar-
ization detector 2 is set to the angle β. In an experi-
ment, the probabilities are directly accessible by count-
ing the respective coincidence events. Formally, they are
Pµναβ = 〈G|Pµ1αP µ¯1α+pi/2P ν2βP ν¯2β+pi/2 |G〉. Owing to the
structure of the ground state, the probabilities can be
calculated to arbitrary precision, cf. Supplemental Ma-
terial [57], by finding the eigenvalues of a 4 × 4 matrix
[56].
For a given set of parameters ω, tph, ∆ph and Λph,
the Bell test is conclusive only if there are angles α, at
which |Bα| > 2. By inspection we find that, like in the
two-photon case, B always takes its maximum for α =
3pi
8 . The maximum value Bmax := maxα|Bα| depends,
however, on the detection efficiency γ.
The most effective limit, γ = 1, is hypothetical but
instructive. It corresponds to the situation in which all
photons in the cavities can be measured with certainty,
i.e., the cavities would have to be completely open. The
ground state |G〉 is a superposition of any number of
local and of nonlocal photon pairs. With perfect detec-
tion, the vacuum state can be uniquely identified (no
detector clicks) and is discarded according to the mea-
surement scheme. Any state which contains at least one
local pair has photons of both polarizations on one side,
and is discarded, too. The remaining states contain one
3FIG. 2. Maximum violation of the CHSH Bell inequality depending on the local and nonlocal pair creation amplitudes Λph
and ∆ph. In black regions entanglement cannot be detected, Bmax ≤ 2. White regions correspond to Bmax ≥ 2
√
2. a) Perfect
detectors, γ = 1, isolate the contribution of a single nonlocal pair and entanglement is detectable for almost all parameters.
Right inset: cavity losses affect Bmax (shown for different points A-E in the parameters space), possibly reducing it below the
critical value 2 (lower dashed line). At high losses, however, all surviving coincidences are due to nonlocal pairs and Bmax
approaches the two-particle maximum value 2
√
2 (upper dashed line). Left inset: probabilities P to find N photons in the
cavities at point B/D in the parameter space for different loss rates κ. At finite cavity losses, odd number states are populated,
because photon pairs are broken up. b) Lossy detectors, γ = 10−4 (see text), are able to detect entanglement if the admixture
of local pairs is sufficiently small. The lines indicate the parameters obtained from the microscopic model if ECT is (i) as
strong as CAR or (ii) half as strong as CAR. Following these lines in the direction of the arrow corresponds to different cavity
detunings, Vsd = ~ω0/e+ δVsd, where δVsd increases from −1 µeV to 1 µeV.
nonlocal pair, or, with an exponentially small amplitude,
several nonlocal pairs. Hence Bmax is larger than the
classical boundary 2 for almost any choice of parameters
(Fig. 2a). In a realistic situation, we model the finite
cavity resonance width by choosing γ < 1: even if the
photodetectors themselves are flawless, during any coin-
cidence interval ∆t the probability for a single photon to
leave its cavity is 1 − e−κ∆t & γ, where we can express
the loss rate κ = (ω + eVsd)/Q through the quality fac-
tor Q. Thus γ can safely be assumed to be larger than
10−4 [58]. In the Bell measurement, only one photon of
a local pair might be detected and believed to belong to
a nonlocal pair. At too large values of Λph, Bmax is thus
reduced below 2 and the entanglement of the nonlocal
pairs – although present – cannot be detected anymore
(Fig. 2b). Importantly, irrespective of γ, the Bell inequal-
ity is violated only if the nonlocal pairing amplitude ∆ph
is nonzero.
Cavity leakage.—Besides affecting the detection effi-
ciency, cavity losses also modify the steady state. This
influences the Bell measurement in two ways: entangled
pairs can be broken up leaving behind unpaired photons.
If their detection coincides with other photons, Bmax is
reduced. On the other hand, Bmax is increased because
the probability to have additional local pairs in the cav-
ities is reduced. We model cavity losses with a Lindblad
master equation [59] and solve it numerically [57] for the
steady state. When the loss rate κ dominates over the
induced pairing amplitudes |∆ph|, |Λph| (the most likely
situation), in total Bmax is increased (Fig. 2a, inset).
To summarize, the Bell inequality is violated robustly
over a broad range of configurations, but only if the non-
local pairing amplitude ∆ph is nonzero. Since ∆ph is
directly related to CAR (see below), observing Bmax > 2
is an experimental proof of coherent CP splitting.
Microscopic model.—In the remainder of the text, we
derive the effective photonic Hamiltonian (1) microscop-
ically. For the n-side, consider a double QD coupled to a
SC lead, where the SC gap ∆ = |∆|eiφ is the largest en-
ergy, |∆|  |i|, kBT , with i the spin-degenerate levels
of the two QDs i = 1, 2, and T the temperature. We de-
rive a Hamiltonian for the two QDs [57] to second order
in the electron tunneling between the QDs and the lead,
He =
∑
iσ
id
†
iσdiσ+
∑
σ
[
∆˜σd†1σd
†
2σ¯+ t˜d
†
1σd2σ+h.c.
]
, (5)
where diσ annihilates electrons with spin σ =↑, ↓ on QD
i, and
∆˜ = −Γ
2
e−
r
piξ+iφ
kF r
[
sin(kF r) +
1− cos(kF r)
pikF ξ
]
(6)
t˜ = −Γ
2
e−
r
piξ
kF r
[ sin(kF r)
pikF ξ
− (1− cos(kF r))
]
, (7)
4where r is the distance between the tunneling points to
QD 1 and QD 2 from the lead, ξ = ~vF /(pi|∆|) is the
lead coherence length and Γ = 2piN(F )t1t2 is the normal
state tunneling rate with ti the amplitude for an electron
to tunnel from the SC lead to QD i and N the normal
density of states in the SC lead. We assume that dou-
ble occupancy of a QD is forbidden by a large charging
energy Ui [60]. On the p-side an equivalent Hamiltonian
with diσ → hiσ =: d(HH)†iσ¯ holds for the heavy holes (HH).
Here, d
(HH)†
iσ creates an electron with spin σ on QD i in
the HH-band.
The parameters ∆˜ and t˜ capture the influence of the
SC lead: ∆˜ describes CAR, whereas t˜ describes ECT be-
tween the QDs. Additionally, the onsite energies i are
renormalized. Optimal splitting requires |∆˜|  |t˜|, be-
cause ECT allows for sequential emission into the same
cavity. This is realized in the limit of a small Fermi wave
vector kF r → 0, which is achievable in principle, since
kF describes the semiconductor in which ∆ is proximity-
induced. For a more conservative estimate, if the sep-
aration of the tunnel contacts is large compared to the
Fermi wavelength (but still smaller than ξ), it is evident
that at best |∆˜| ∼ |t˜| can be realized. To be specific, we
assume a large QD separation kF r ∼ 10, r/(piξ) ∼ 0.5
and Γ = 500 µeV (Γ is limited by the gap in the SC, e.g.,
1 meV for Nb). Then ∆˜ and t˜ are on the order of 15 µeV.
We note that because of the oscillating contributions in
Eqs. (6) and (7) this may be fine-tuned via kF in the SC
lead.
The cavities are coupled to the electronic system by
electron-hole recombination. In dipole approximation
with the usual selection rules for HH using the rotating
wave approximation,
HI =
∑
iσ
giσe
−ieVsdt/~diσ¯hiσa
†
iσ + h.c., (8)
with the annihilation operators for photons aiξ emitted
along the quantization axis of angular momentum and
with radiative couplings giξ for cavity i and polarization
ξ. For brevity we identify σ = ↑ with ξ = R and σ = ↓
with ξ = L. The exponential accounts for the difference
between the chemical potentials of n- and p-side set by
the applied voltage bias. When it is gauged into the
photon field a → eieVsdt/~a, the complete photonic part
of the Hamiltonian becomes
HP =
∑
iξ
(ω0−eVsd)a†iξaiξ+
∑
iσ
giσdiσ¯hiσa
†
iσ+h.c., (9)
with the cavity resonance frequency ω0.
Photoemission.—The ground state of the electronic
system is a superposition of the empty state and the sin-
glet state, |0〉e = c0e,0 |〉 + c0e,s |S〉 with |〉 the empty dot,
and |S〉 := 2−1/2(d†1↑d†2↓− d†1↓d†2↑) |〉 the nonlocal singlet.
The ground state energy is E0e = −
√
2 + 2|∆˜|2, where
1,2 =: ±δ. The admixture of the singlet is controlled by
the CAR amplitude ∆˜, i.e., |c0e,s| → |c0e,0| as |∆˜|/→∞.
There are four relevant excited states, |σ±〉e = c±e,1 |1σ〉+
c±e,2 |2σ〉 with energies E±e =  ±
√
δ2 + t˜2, containing a
single electron, which is delocalized due to ECT. Here,
|iσ〉 := d†iσ |〉. The same applies to the hole states (Fig. 1).
By electron-hole recombination and simultaneous emis-
sion of a photon as described by HI , the n- and the p-
side can both be excited from the ground state |0〉e |0〉h
into an excited state |σµ〉e |σ¯ν〉h, where µ, ν = ±. Par-
ity being protected, in order to go back to the ground
state, this has to be followed by either a reabsorption,
or by the emission of a second photon. This is possible
because of the induced superconducting pairing, which
breaks particle number conservation. If the excitation
energies ∆Eµν = Eµe + E
ν
h − E0e − E0h & e + h, are
larger than the cavity linewidth, this is a virtual pro-
cess and photons are always emitted in pairs as desired.
Importantly, the electron-hole system undergoes a closed
cycle, so the entanglement is completely transferred [61]
onto the photons [62]. To be specific, at ∆˜ = 15 µeV,
a gate voltage needs to be applied to the QDs such that
(i)  = 30 µeV if t˜ = ∆˜, or such that (ii)  = 20 µeV if
t˜ = ∆˜/2. Here we assume δ = 0, and electron-hole sym-
metry for simplicity, and use a linewidth on the order
of 10 GHz, achievable for all common nanocavity flavors
[63–66]. In principle, ∆Eµν can be made arbitrarily large
(within the lead SC gap) to account for higher cavity
losses by increasing . Since this, however, also reduces
the CAR amplitude, it comes at the expense of a lower
pair emission rate. With stronger CAR, ∆˜ & 30 µeV, the
QDs can even be brought into resonance with the leads,
 = 0, to optimize the emission rate.
Quantitatively, the emission cycle is conveniently de-
scribed with a standard Schrieffer-Wolff transformation
[67], yielding the effective photonic model (1), with the
pair emission amplitudes ∆ph, Λph ∼ g(g/∆E)(∆˜/)2.
This corresponds to a total emission rate on the order
of 10−3g/~ if κ > |∆ph|, |Λph|. The full expressions are
given in the Supplemental Material [57]. As expected, in-
tercavity hopping tph and local pair injection Λph vanish
for t˜ = 0. More importantly, even at finite t˜, we obtain
effective parameters well within the region Bmax > 2.
They are shown for the QD parameters (i) and (ii) at a
QD-cavity coupling strength g/(2pi~) = 3 GHz [64, 65],
in Fig. 2b.
In conclusion, we have investigated a coherent and con-
tinuous source of nonlocal photon pairs emitted from two
optical QDs into two nanocavities embedded in a super-
conducting p-n junction. We showed that a Bell mea-
surement can be used to investigate whether the light
produced is entangled. Detection of these entangled pho-
tons would be a proof for spin coherence of Cooper pairs
split over two QDs. The device does not require a driving
scheme but only dc-voltages.
5We thank J. C. Budich and F. Hassler for helpful
discussions and acknowledge support from the EU-FP7
project SE2ND, No. 271554 and the DFG grant No. RE
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SUPPLEMENTAL MATERIAL
Calculation of the detection probabilities
The detection probabilities Pµναβ decompose into sums
of expressions of the form
Pη = 〈G| ηa˜
†
1Ra˜1R
1R η
a˜†1La˜1L
1L η
a˜†2Ra˜2R
2R η
a˜†2La˜2L
2L |G〉
=
∣∣∣η 12 a˜†1Ra˜1R1R η 12 a˜†1La˜1L1L η 12 a˜†2Ra˜2R2R η 12 a˜†2La˜2L2L
exp
[
A(a†1Ra
†
1L + a
†
2Ra
†
2L)
+B(a†1Ra
†
2L + a
†
1La
†
2R)
]
|〉
∣∣∣2, (S1)
where ηiξ = 1 − γ or ηiξ = 1. Employing the unitary
transformation 
a˜1R
a˜1L
a˜2R
a˜2L
 = U

a1R
a1L
a2R
a2L
 ,
U =

cosα −eiφ sinα 0 0
e−iφ sinα cosα 0 0
0 0 cosβ −eiθ sinβ
0 0 e−iθ sinβ cosβ
 , (S2)
together with the operator identity xa
†af(a†) =
f(xa†)xa
†a [68], and using that xa
†a |〉 = |〉, we rewrite
Pη ∝
∣∣∣exp[1
2
(
a˜†1R a˜
†
1L a˜
†
2R a˜
†
2L
)
DTUTMUD

a˜†1R
a˜†1L
a˜†2R
a˜†2L
] |〉∣∣∣2
=
∣∣∣exp[1
2
4∑
i1
λib
†
i bi] |〉
∣∣∣2, (S3)
where
D =

√
η1R 0 0 0
0
√
η1L 0 0
0 0
√
η2R 0
0 0 0
√
η2L
 , (S4)
and
M =

0 A 0 B
A 0 B 0
0 A 0 B
A 0 B 0
 , (S5)
and λi are the eigenvalues of D
TUTMUD. The new
bosons bi are independent, so
Pη ∝
4∏
i=1
〈| e 12λ∗i bibie 12λb†i b†i |〉 =
4∏
i=1
(
1− |λi|2
)
. (S6)
The last equality can be found by inserting the definition
of the exponential as a series. If A and B have the same
phase, it drops out in Eq. (S6).
Lindblad master equation
To study the influence of cavity losses, we solve the
Lindblad master equation [59]
ρ˙ = Lρ = −i[H, ρ] +
∑
iξ
κ
(
2aiξρa
†
iξ − a†iξaiξρ− ρa†iξaiξ
)
(S7)
numerically for the steady state, ρ˙steady = 0. Here, ρ
is the density matrix and L is the Liouvillian superop-
erator, defined by the rightmost equality sign. The sys-
tem Hamiltonian H is given by Eq. (1). The infinite-
dimensional bosonic Hilbert space has to be truncated.
We choose a cutoff at Nmax = 4 bosons per mode (iξ).
The cutoff independence can be checked by comparing to
a higher cutoff Nmax = 5, comparing the solutions in a
photon basis to the solution in a Bogoliubov basis and by
comparing the κ → 0 result with the exact calculation.
In order to obtain the steady state we either explicitly
propagate an arbitrary initial state in time until conver-
gence or algebraically solve for the eigenvector of L which
has the smallest eigenvalue (always numerical 0).
Proximity effect
In this section we derive the pairing amplitudes ∆˜ and
t˜ on the QDs, Eqs. (6) and (7). This is done most conve-
niently by performing a Schrieffer-Wolff transformation
on an operator level via projection operators, following
Ref. [44]. It applies independently to n- and p-side.
We consider the full device depicted in Fig. 1. Two
optical QDs are coupled to a SC lead. Specifically,
H = H0 +HT (S8)
H0 =
∑
kσ
Ekγ
†
kσγkσ +
∑
iσ
id
†
iσdiσ
+
∑
i
Uid
†
i↑d
†
i↓di↓di↑ (S9)
HT =
∑
iσ
tid
†
iσψσ(xi) + h.c., (S10)
where Ek =
√
(k − µ)2 + |∆|2 is the dispersion of quasi-
particles in the lead with gap energy |∆| annihilated by
γ; i and Ui → ∞ are the onsite energy measured from
6FIG. S1. a) Two different device geometries. Left panel: The
tunnel contacts between the SC leads and QDs are separated
by several Fermi wavelengths. ECT between the QDs is as
strong as CP splitting. Right panel: Electrons can tunnel
into both QDs from the same point in the SC leads. CP split-
ting dominates over ECT. b) Proximity induced amplitudes
of CAR, ∆˜12, and ECT, t˜12, and the renormalization of the
on-site energy t˜11 at different carrier concentrations n. When
optimizing the CP splitting amplitude, ECT cannot be ne-
glected. The QDs are separated by r = 100 nm and the SC
coherence length is ξ = 200 nm (arbitrarily chosen).
the chemical potential and the local Coulomb repulsion
of electrons with spin σ ∈ {↑, ↓} on QD i ∈ {1, 2} an-
nihilated by d. We assume that there is only a sin-
gle relevant level on each dot. Tunneling from point
xi in the lead onto QD i has the amplitude ti ∈ R
(no magnetic fields). The operators ψ and γ are re-
lated through the Bogoliubov transformation ψσ(x) =∑
k e
ikx(u∗kγkσ + σvkγ
†
−kσ¯), where the coherence fac-
tors obey |vk|2 = 1 − |uk|2 = (1 − (k − µ)/Ek)/2 and
v∗kuk = −|vk||uk|e−iφ with the SC phase φ = arg ∆.
Defining a set of projection operators,
P =
∏
kσ
(
1− γ†kσγkσ
)
Q = 1− P, (S11)
where P projects onto the lead ground state, the Hamil-
tonian can be written as
Heff = PHP + PHQ(E −QHQ)−1QHP (S12)
in the low-energy subspace [69]. Up to leading order in
the tunneling amplitude ti, this becomes
Heff = H0 +
∑
ijσ
[
∆˜ijσd
†
iσd
†
jσ¯ + h.c. + t˜ijd
†
iσdjσ
]
(S13)
with the (C)AR amplitude
∆˜ij =
∑
k
titj
Ek
ψk(xi)ψ−k(xj)|uk||vk|eiφ, (S14)
and the ECT amplitude
t˜ij = −
∑
k
titj
Ek
ψkσ(xi)ψ
∗
kσ(xj)(|uk|2 − |vk|2), (S15)
where we have used that Ek ∼ |∆|  ||. Starting from
Eq. (S12) higher-order terms can be included systemat-
ically, but they do not contain new effective processes,
so it is safe to ignore them. Linearizing the bare spec-
trum of the lead k within the SC gap, the momentum
summations can be performed as integrals over the den-
sity of states and we obtain ∆˜ ≡ ∆˜12 and t˜ ≡ t˜12 as
given in Eqs. (6) and (7). The renormalization of the
onsite energies by t˜ii is obtained as the r → 0 limit of
Eq. (7), but can be absorbed into . The dependency of
the amplitudes on the carrier concentration is illustrated
in Fig. S1b.
Parameters of the effective model
Decoupling the low energy sector (the electron-hole
system is in its ground state) from the high energy sec-
tor (the electron-hole system is in any other state) up to
second order in giξ, following, e.g., Ref. [70], we find
Hph =
∑
iξ
(ω0 − eVsd)a†iξaiξ +
∑
ijξ
Mijξa
†
iξajξ
+
∑
ijξ
M˜ijξ
2
aiξaiξ¯ + h.c., (S16)
where
Mijξ = giξg
∗
jξ
∑
µν=±
( |c0e,0|2|c0h,0|2cµe,icµ∗e,jcνh,icν∗h,j
(ω0 − eVsd)−∆Eµν −
1
4
|c0e,s|2|c0h,s|2cµ∗e,¯icµe,j¯cν∗h,¯icνh,j¯
(ω0 − eVsd) + ∆Eµν
)
(S17)
M˜ijξ = g
∗
iξg
∗
jξ¯
∑
µν=±
c0∗e,sc
0
e,0c
0∗
h,sc
0
h,0c
ν∗
h,jc
ν
h,¯ic
µ∗
e,jc
µ
e,¯i
∆Eµν
(∆Eµν)2 − (ω0 − eVsd)2 . (S18)
7The amplitudes c are obtained exactly by diagonalizing
the 2× 2 blocks of the effective QD Hamiltonian (5). At
symmetric gating, δ = 0, as discussed in the main text
the excited state amplitudes c±e/h,i are on the order of
1 and the ground state amplitudes fulfill |c0∗e/h,sc0e/h,0| =
|∆˜|/(2||) + O(|∆˜|2/2). With two identical QDs, two
identical cavities, and polarization independent radiative
couplings g, Eq. (S16) is equivalent to the effective pho-
tonic model (1), with ω = ω0− eVsd +Mi=j , tph = Mi 6=j ,
Λph = M˜i=j and ∆ph = M˜i 6=j .
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